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Abstract. In this paper wc introduce tlie notion of core for two specific classes of 
boolean maps on finite involution posets (which are a generalization of the boolean 
lattices) and wc prove some extension results for such families of boolean maps. 
Through the properties of the core, wc provide a complete characterization of such 
maps. The main purpose of such abstract results is their application to the study 
of the compatibility of a particular class of systems of linear inequalities related to 
a conjecture of Manickam, Miklos and Singhi f 1211 . 1220 . still unsolved and that 
can be considered dual to the theorem of Erdos-Ko-Rado 1151 . 



0. Introduction 

In the sequel n and r will denote two fixed integers such that 1 < r < n. 
We set J(n, r) = {f, ■ ■ ■ , 1, 1, • • • ,n — r} and we consider I(n, r) as a n-set in which we 
simply have marked the difference between the first r formal symbols f , ■ ■ ■ ,1 and the 
remaining (n—r) formal symbols 1, • • • ,n — r . Let us suppose that we have r real variables 
Xf, ■ ■ ■ ,xi and other (n — r) real variables yj, ■ ■ ■ , In the sequel, to simplify the 

notations, we write simply Xi instead of x- and yj instead of t/j. However, it is important 
to mark the fact that the index i in Xi correspond to the symbol i, while the index i in j/i 
correspond to the symbol i, and that i ^ i. We call (n, r)-system of size p a system S of 
linear inequalities having the following form: 



(1) S : 



a;r > ■ ■ ■ > 2:1 > > yi > ■ ■ ■ > y„- 
EisAi > (or < 0) 
E,sA, > (or < 0) 



E,g.4, ^« > (or < 0) 

where Ai, - ■ ■ ,Ap are non-empty and different subsets of I{n, r), all different from the 
singletons of I{n, r); moreover ti = Xi \i i £ {f , ■ • ■ ,1} and ti = if i € {1, • • • , n — r}. 
Formally we set Eig0 ~ 0- When the subsets A\, - ■ ■ , Ap coincide with all the possible 
subsets of I{n,r) different from the singletons and from the empty set, we say that the 
(n, r)-system ((T} is total. Furthermore, when in lU appears the inequality 

(2) Xr-\ \-xi + yi + h j/n-r > (or < 0) 

we say that it is a (n, r)-positively weighted system (or a (n, r)- negatively weighted 
system) . 

A (n, r)-positively [negatively] total weighted system of type ([1} can be identified with 
a boolean total map A defined on the lattice {S{n,r),\Z). The lattice (S'(n,r),C) has 
been introduced and studied in [S]. A subsystem of ((T} which is also equivalent to it, 
can be identified with a particular restriction of the map A which represents ([ij: such a 
restriction of A is called core of A. 

In this paper we introduce and study two particular classes of boolean maps on in- 
volution posets (a more general version of the boolean lattices). In particular, we shall 
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prove some extension results for such maps and we shall apply these results to the study 
of the compatibility and solvability of the total (n, r)-systems. The classical approaches 
to the study of the linear inequalities systems usually make use of alternative theorems 
and operational research's methods (see for example [T5], [23) . [24j ) : our approach to the 
study of the (n, r)-systems uses instead the properties of a particular class of boolean 
maps defined on some types of involution posets introduced in [S]. 

Our motivation to study the combinatorial properties of a (n, r)-system of type ((T)) 
is an attempt to answer to a conjecture of Manickam, Miklos and Singhi (see [22) . [21] ) 
that can be considered dual to the famous theorem of Erdos-Ko-Rado [T^, |17) . This 
conjecture is connected with the first distribution invariant of the Johnson association 
scheme (see [6], [19) . |20] . [21)1. The distribution invariants were introduced by Bier [5], 
and later investigated in [7], [TS], [T5], [21] , Also, as pointed out in [2S], this conjecture 
settles some cases of another conjecture on multiplicative functions by AUadi, Erdos and 
Vaaler, [2]. Partial results related to the Manickam-Miklos-Singhi conjecture have been 
obtained also in [H], g], [ID], [TT], [S]- 

Studying the Manickam-Miklos-Singhi conjecture and some related extremal sum prob- 
lems (see [8], [22], [21]), it can be necessary to determine an equivalent subsystem of ([ij 
which has the minimal possible number of inequalities. Such a subsystem can be identi- 
fied with a core of A having minimal cardinality. In this paper we show that if A is the 
particular boolean map which represents ([l]), then A has exactly a unique core of minimal 
cardinality (we call it the fundamental core of ^4) and we also show as such core is made. 
The utility of the core and of its properties will appear clear in the forthcoming paper [13] . 
In determining our results, we see that the essential property of the lattice {S{n, r), C) is 
the existence in the lattice {S{n,r), C) of a unary operation c (the complement function) 
such that i) c{c{w)) — w for each w G S{n,r); ii) c{v) C c(w) whenever w v; Hi) 
c{v) 7^ V for each v. The first two properties of c are those that define an involution poset: 
recent studies related to this particular class of posets can be find in [T] and in [5] . The 
properties and iii) define what we call a strongly involution poset (SIP). Therefore 

the natural context in which studying our problem in its most general form is the context 
of the finite strongly involution posets, that are also a more general version of the finite 
boolean algebras. 

Let us conclude this introduction observing that in this paper we carry out the research 
project started in [H], which consists in the study of the extremal sum problems settled in 
[22] and in [21] (among which the Manickam-Miklos-Singhi conjecture), in the setting of 
the order combinatorial theory. For further details we refer to [8]. In particular, our goal 
is to try to build a family of boolean maps on S{n, r) that captures all the properties of the 
(n, r)-compatible total systems. This is important because the combinatorial properties 
of a (n, r)-system can be studied more easily if we see such system as a particular boolean 
map on S{n, r). In this paper we define two families of boolean maps, each of one captures 
respectively some (but not all) combinatorial properties of a (n, r)-compatible positively 
[negatively] weighted system and we determine two families of subsets of S{n,r) that are 
respectively in bijective correspondence with the previous families of boolean maps. With 
an image that recall the differential calculus, we can imagine these two families of boolean 
maps as a set of "critical points", inside of which try to find the "extreme points", i.e. 
those boolean maps that correspond to a compatible system. Therefore, the study of such 
families of boolean maps is important to delimit the research to the (n, r)-compatible 
systems. The problem that remain open is : what is a family of boolean maps on S{n, r) 
that captures all the properties that characterize a (n, r)-compatible system? In the last 
section we suggest a family of boolean maps candidate for this job. 

1. (n, r)-SYSTEMS VS BOOLEAN MAPS 

Let S , S' be two (n, r)-systems: we say that they are equals (in symbols S = S') if they 
have exactly the same inequalities, otherwise we say that they are different (in symbols 
S 7^ §'). If they are both compatibles (i.e. they have solutions) and equivalents (i.e. they 
have the same solutions) we shall write S = We denote by Syst{n,r) \TSyst{n,r)] the 
set of all the (n, r)-systems [(n, r)-total systems], by CSyst{n, r) [CTSyst{n, r)] the set of 
all the (n, r)-systems that are also compatibles [totals and compatibles]; by W+Syst{n, r), 
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W+CSyst{n, r), W+TSyst{n, r), W+CTSyst{n, r) we respectively denote the set of all the 
(n, r-)-positively weighted systems, the (n, r)-compatible positively weighted systems, the 
(n, r)-total positively weighted systems, the (n, r)-compatible total positively weighted 
systems and by W-Syst{n,r), W-CSyst{n,r), W-TSyst{n,r), W-CTSyst{n,r) their 
analogue but negatively weighted. Let us note that if S,S' £ CT Syst{n,r) and S 7^ S', 
then S and S' can not be equivalent. 

Now we briefly recall the definition of the lattice S{n, r) that we have introduced in [S]. 

We set A{n,r) — I{n,r) U {0^}, where 0** is a new formal symbol. We introduce on 
A{n, r) the following total order: 

(3) -< <2^T^0§-;i^2^ <f, 

where n — r is the minimal element and f is the maximal element in this chain. If i,j G 
A{n,r), then we write i ^ j for i — j 01 i ~< j. We denote by (C(n, r),[Z) the n-fold 
cartesian product poset A{n,r)". An arbitrary element of C(n, r) can be identified with 
an n-string t\ ■ ■ - tn on the alphabet A{n, r). Therefore, if • ■ • t„ and si • • • s„ are two 
strings of C(n, r), we have 

t\- ■ - tn E si ■ • ■ s„ <;=4> ti < s\, - ■ ■ ,tn :< s„. 

We introduce now S{n, r) as a particular subset of C(n, r). 

A string of S{n, r) is constructed as follows: it is a formal expression of the following 
type 

(4) ir ■ ■ - h I jl- ■ ■ jn-r, 

such that: 

i) ii,-- - ,ir G {!,•■_ ,f,0^y, 

ii) Jl,-- - ,jn-r e {!,--- ,n-r,0§}, 

iii) ir h ■ ■ ■ h il h 0^ h jl h ■ ■ ■ h jn-r, 

iv) the unique element in Q which can be repeated is 0^. 

Then S{n, r) is the subset of all strings of C(n, r) having the previous form with the 
induced order from C. The formal symbols which appear in Q will be written without 
~, and ^ and the vertical bar | in @ will indicate that the symbols on the left of | are 
in {i, ■ • • , f , O**} and the symbols on the right of | are elements in {0^, 1, ■ • ■ ,n — r}. 

Example 1.1. If n = 3 and r = 2, then A{3,2) = {2 ^ 1 ^ 0§ ^ T}. Hence 5(3,2) = 
{21|0, 21|1, 10|0, 20|0, 10|1, 20|1, 00|1, 00|0}. 

In [8] it has been proved that: 

i) {S{n, r), C) is a graded lattice with minimal element ■ ■ ■ 0|12 ■ ■ ■ (n — r) and maximal 
element r{r ~ 1) • • • 21|0 • • • 0; 

ii) {S{n,r), C) has the following unary complementary operation c: 
(pi ■ ■ • Pfe ■ ■ ■ 0|0 ■ ■ ■ gi ■ ■ ■ gO' = P'l - - - p'r~k • • • 0|0 ■ ■ • ■ • • q'„.r-i, 

where {p'l, ■ ■ ■ ,Pr-k} is the usual complement of {pi, • • • ,pk} in {1, • • • , r}, and 
{q'l, ■ ■ ■ , q'„_r_i} is the usual complement of {qi, ■ ■ ■ , g;} in {1, • • ■ ,n — r} (for example, 
in 5(7,4), we have that (4310|001)'= = 2000|023). 

Let us consider a (n, r)-system S as in ([l]). Since there is an obvious bijection between 
the power set 7(1 {n, r)) and S{n, r), all the subsets Ai, • • • , in ([T)) can be identified with 
strings of S{n, r), that we denote by uii, ■ ■ ■ ,Wp (for example, if n = 7, r = 4, we identify 
the subset {1,3,4,1} with the string 4310|001, or the subset {2,2,3} with 2000|023). Let 
us note that . . . 0|0 • • • will be identified always with the empty subset of J(n, r)). 

By Proposition 6.1 of [8] it results that if Wk C Wj for some k,j, then X^igA^ ''^ — 

We denote with {S{n, r) 2) the poset of the boolean partial maps on S{n, r) 
([U). We set now = rO ■ ■ ■ 0|0 • ■ ■ 0, Ci = 10 ■ • ■ 0|0 • ■ • 0, Co = 00 ■ • ■ 0|0 • ■ • 0, 
r;i = ■ ■ • 0|0 ■ ■ ■ 01, ■ ■ • , »7„-r = ■ • ■ OjO ■ ■ • 0(n - r), and 

Qs = {wi, ■■■ ,Wp,^rr-- ,Ci,Co,?7i, - - - ,Vn-r}- 
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Definition 1.2. Let S G Syst{n,r). A S-boolean partial map (S — BPM) As : fig (Z 
S{n, r) — >■ 2 IS defined as follows; 
for j € {1, . . . ,p}, 

, , , j P E.eA, u > 

^^^"^■^^1 N ^f E..V.<0 
^s(^o) = As(Ci) = ■ ■ ■ = As(er) = P anrf As(r?i) = ■ ■ ■ = As(ry„_,) = A/-. 
Definition 1.3. //S,S' G Syst{n,r) , we set § < §' if § is a sub-system of §>' . 

This obviously defines a partial order < on Syst(n,r). We denote with !B(n, r) the 
sub-poset of all the boolean partial maps A G (S{n, r) ~^ 2) such that 
Cr,--- ,Ci,Co,?7i,-- - ,T?n-r G dom{A) and A(^o) = A{£_i) = •■■ = y4(Cr) = P, = 
• ■ • = yl(r;n-r) = and with !BT(n, r) the subset of all the total maps of S(n,r). Then 
the map x : Syst{n,r) 'B{n,r) such that x(S) = ^s, for each S G Syst{n,r), is an 
isomorphism of posets. We denote by r : 3(n,r) — > Syst{n,r) the inverse of x and we 
set t{A) = Sa if ^ G !B(n, r). Obviously the restriction of x to 2T(n, r) defines an 
isomorphism between 2T(n, r) and TSyst{n,r), and we continue respectively to denote 
with X fl'iid r this isomorphism and its inverse. 

Our principal question is then : 

Ql) What are the maps in x{W+CTSyst{n,r)) and in x{W-CTSyst{n,r))'! 

Roughly speaking, what are the order-properties that characterize a boolean map A G 
!BT(n, r) in such a way that §a is a compatible system? 

We recall, see 0, that a {n,r)— function is an application / ; A{n, r) — J- R such that 



(5) f(r) >■■■> /(I) > f{0') = > /(I) >-->f{n-r). 

We denote by F{n,r) the set of the (n, r)— functions. The function / is a {n,r)— positive 
weight function [negative weight function] if (O holds and if: 

(6) /(f) + • • • + /(i) + /(T) + • ■ ■ + f{W^) > 0[< 0]. 

We denote by WF+ (n, r) the set of the (n, r) —positive weight functions and with WF- (n, r) 
the set of the (n, r)— negative weight functions. 

We say that a (n, r)-function / is a solution of the system ([ij if the assignment 

(7) = /(f),- ■■ =/(!),■■ -yi = /(!),■■■ , y„_, = /(^T^) 
provides a solution of flj. 

If / is a (n, r)— function, the sum function induced by / on S{n, r) 

E/ : S{n,r) -> R 

is the function that associates to w — ii---ir \ ji ■ ■ ■ j„-r G S{n,r), the real number 
Efiw) = /(ii) + ■ ■ ■ + /(v) + /(ji) + ■ ■ ■ + /(j„_0, see m, 
and we also define the map 

Af : S{n,r) 2 

setting 

P if Ef{w)>0 
N if E/(«;)<0. 

If / G F{n,r), we denote by S/ the (n, r)-compatible total system having / as one of 
its solutions and we set Pos{f) = {w G S{n,r) : Af{w) = P}, Neg{f) — {w £ S{n,r) : 
Af{w) = N}, a+{f) = \Pos{f)\ and «-(/) = \Neg{f)\. It is obvious that Ag^. = Af. 

In an attempt to answer to Ql), we give the following definition : 

Definition 1.4. Let K be a family of maps of 3T(n, r) and let A G we say that a 
boolean partial map B G S(n, r) is a K-core for A if A\y/ = B (where W = dom{B) ) and 
if A' £'K is such that A'^y^ = B, then A = A' . We simply say that B is a 'K-core if it is 
a "K-core for some A £ K. 



Af{w) = 
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The following two results are very simple but they are fundamental in our strategy to 
approach the problem raised in Ql). 

Positive local criterion (p. I.e.) Let K be a family of maps of "57(11,, r) such that 
x{W+CTSyst{n,r)) C Jf and 3ir\x{W-CTSyst{n,r)) = 0, and let A£'K. Let B denote 
a "K-core of A. Then, Sa is compatible if and only if Sib & W+CSyst{n,r) and, tn this 
case, if f & W F+{n,r) is a solution ofSs, it is also a solution of§A- 

Proof. If Sa is compatible, then it must be necessarily Sa £ W+CTSyst{n, r) because Mn 
x{W-CTSyst{n,r)) = and ^ = x(Sa). Hence Ss € W+CSyst{n,r). On the other side, 
if Ss e W+CSyst{n,r), it has a solution / € WF+{n,r). Then S/ € W+CTSyst{n,r) 
and hence, by hypothesis, xi^f) G It is easy to observe that xi^f) = Therefore 
Af G 3f. If we denote by W the domain of B, we have {Af)^iv = B since / is a solution 
of S_b; therefore {Af)^-^ — A\w Since VK is a M-core of A, we have that A = Af, hence 
Sa is compatible and / is one of its solution. □ 

Negative local criterion (n.l.c.) Let "K be a family of maps of ']i7{n,r) such that 
x{W-CTSyst{n,r)) CM and'Knx{W+CTSyst{n,r)) = 0, and let A (^"K. Let B denote 
a "K-core of A. Then, Sa is compatible if and only if §b € W-CSyst{n,r) and, in this 
case, if f G WF^{n,r) is a solution of Sib, it is also a solution of §a- 

Proof. Similar to that of p. I.e. □ 

The previous results gives us some "local" criteria that are useful in two directions : 
"from global to local" and "from local to global" . In the direction "from global to local" , 
to decide if a map A that we choose in a special family 3f of boolean total maps of !BT(n, r) 
determines a {n, r)-compatible total system. In this case the previous criteria are useful 
if we know, for each given map A £ an C^C-core that is "sufficiently" small. One of 
our principal results in this paper will be that of building some appropriate families 3f of 
boolean total maps that satisfies the previous local criteria and such that for each A £ K 
there exists a unique M-core of A with minimal cardinality (we will call it the fundamental 
M-core of A). We show also as this core is composed. 

In the direction "from local to global" , we can ask if a given system S of W+CSyst{n, r) 
(or of W-CSyst{n,r)) is equivalent to some S' € W+C'TSyst{n,r) (or to some S' G 
W-CTSyst{n,r)) and if S has a minimal cardinality between all the (n, r)-sub-systems 
having the same solutions of S'. 

Let us consider for example the following (6, 2)-positively weighted system: 

(X2 > xi > > yi > y2 > ys > yi 
xi + X2 + yi + y2 + y-i + Vi > 
XI + y2 + ys < 

Two different (6, 2)-weight functions that are solutions of are the following: 
2iT234 211234 

f ' •I' ■I' •\' ■\' 4' 4' 5''^4'4' 4' •\' 4' 

3 1-1-1-1-1 4 -1 -1 -1 -1 

It is easy to see that a+{f) — 40 and a+{g) = 36, therefore Pos{f) ^ Pos{g). 
On the other side, the following (6, 2)-positively weighted system: 

fx2 > XI > > yi > y2 > ys > yi 
xi + X2 + yi + y2 + y-i + Vi > 
xi + yi + y2 + y-i + > 

has the property that for each two different (6, 2)-weight functions / and g which are 
both solutions, it holds that Q+(/) = ce+{g) ~ 48 and also Pos{f) — Pos{g). The 
difference between the previous two systems is that @ is equivalent to a (6, 2)-positively 
weighted total system, while ^ is not. 

Definition 1.5. We say that a system S G CSyst{n,r) is generative if it is equivalent to 
some system S' G C'TSyst{n,r); in this case, we also say that S' is generated by S, or that 
S generates S'. 
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Then, in the direction "from local to global", we will see that, for a convenient family 
C 'B7{n, r), the boolean map determined by the system ^ defines a M-core and hence 
by p. I.e. this system is generative. 

The reasons we have explained led us to search special families M of boolean total 
maps on S{n, r) that satisfy the previous local criteria as well to study their Jt-cores and, 
between them, to determine those having a minimal number of elements. Essentially the 
boolean total maps that we are going to study here represent the equivalence classes of 
total systems: total systems can have many solutions but a unique boolean total map 
associated to them. 

The proofs of our principal results does not require all the properties of the lattice S(n, r), 
but only those of strongly involution poset. Therefore the results that we prove in the 
next sections hold for each finite strongly involution poset. 

2. Definitions, notations and some general results. 

Let (X, <) be a poset. li Z C X, we will set Z = {x £ X : 3 z £ Z such that z > x}, 
1^Z — {x£X: 3z£Z such that z < x}. In particular, ii z £ X, we will set 
i z {z} = {x e X : z > x}, 1; z ^1; {z} ^ {x £ X : z < x}. 

Definition 2.1. Jl) Z is called a down-set of X if for each z £ Z and x £ X with z > x, 
then X £ Z. 

J2) Z is called an up-set of X if for each z £ Z and x £ X with z > x, then x £ Z. 

4, ^ is the smallest down-set of X which contains Z and Z is a down-set in X if and 
only if Z =i Z. 

Similarly 'I Z is the smallest up-set of X which contains Z and Z is an up-set in X if and 
only if Z =t Z. 

Denote with 2 the boolean lattice composed of a chain with 2 elements that we will denote 
with A'^ (the minimal element) and P (the maximal element). The set of all the partial 
maps from X to 2, here denoted by {X ^ 2), is a poset with the following order: 
if {A,dom{A)),{B,dom{B)) £ {X 2), 

(10) {A,dom{A)) < (B,dom{B)) <^ dom{A) C dom{B) ,B\aorr,{A) = A. 

A boolean partial map (BPM) on X is an element {A, dom{A)) of {X 2), (that in 
the following we will denote only with A). If dom{A) = X, we will say that ^ is a boolean 
total map (BTM) on X. 

Definition 2.2. We say that a boolean partial map A on X is up-positive if A~^{P) is 
an up-set of X; we say that it is down-negative if A" (N) is a down-set of X. 

Definition 2.3. If X and Y are two arbitrary posets and if A: X we will say that 

A is order-preserving (OP) if for every xi,X2 £ X such that xi < X2 then A{x-i) < A{x2) 
in Y. If X is an arbitrary poset, we denote with 0'J'{X, 2) the family of all op-BTM's on 
X. 

Given a boolean partial map A on X, a. minimal element in A~^{P) is called minimal 
positive of A; a maximal element in A~^{N) is called maximal negative of A. 

Definition 2.4. If Z C X we denote with Min{Z) the set of minimal elements of Z and 
with Max{Z) the set of maximal elements of Z. 

If j4 is a boolean partial map on X and if Z is a subset of X, we set: 

Zp ^ A-'^{P)nZ = {x £ Z n dom{A) : A{x) = P}, 

Zi ^ A-\N)nZ ^ {x £ Z n dom{A) : A{x) = iV}. 

With the symbol U'* we denote the disjoint union between two sets. 
The following proposition shows that the concepts of up-positivity, down-negativity 
and of order-preserving are equivalent for boolean total maps. 

Proposition 2.5. Let X be an arbitrary poset and A a BTM on X. Then the following 
are equivalent: 

i) A is order-preserving (op); 
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a) A is up-positive (up); 
Hi) A is down-negative (dn). 

Proof. We prove that i) and ii) are equivalent. The equivalence of i) and Hi) follows 
likewise. 

i) => ii) : suppose that x\_,X2 € X and A{x{) = P. Since A is order-preserving, we have 
that A{xi) < A{x2) and in 2 this implies that A{x2) = P- 

ii) =r- i) : let xi,X2 € X such that xi < X2 and suppose, on the contrary, that A{xi) ^ 
A{x2)- Since 2 is totally ordered, we have that A{xi) > A{x2); hence A{xi) = P and 
A{x2) = N. Since xi < X2 and A{xi) = P, and since A is up-positive it follows that 
A{x2) = P, which is a contradiction because A{x2) = N. □ 

Our next question is the following : let X be a poset and let W C X. Given a function 

ip : W 2, which properties the couple {W,Lp) has to have in order that there exists a 
unique particular type of BTM A on X which extends ip ? 

Definition 2.6. Let X be an arbitrary poset and let "K a family of BTM's on X. A couple 
(VK, is a !K-core on X if: 

Nl) if is a BPM on X such that dom{ip) = W; 

N2) there exists a unique A & K such that A\y^ = ip. 

If (W, ip) is a M-core on X, the unique map A £ 'K (in N2)) which extends ip is called 
the "K- map spanned by the core We also say that {W,ip)) spans A and sometime 

we write A = Aw,ip to mean that A is spanned by {W, ip). On the other side, if A S K is 

given, we say that a subset of X is a M-core for A if the couple {W, ip), with ip — A^w, 
is a JC-core on X (in this case A is obviously the unique map in 5{ spanned by (W, ip)). 

Definition 2.7. We say that W is a -fundamental core for A if it is a "K-core for A 
and if, for each Ji-core V for A, W CV. 

Obviously, if there exists a Jf-fundamontal core of A, then it is unique, therefore we 
can speak of the !K-fundamental core for A. If the family J{ is clear from the context, we 
say simply core instead of 5£-core. 

Let Core^iX) be the family of all the JC-cores {W, ip) on X. We consider the function 
/ : Core^^X) such that 

f{{W,ip)) = Aw,^. 

Naturally / is surjective, since for all ^ G 5t we have A = Ax, a = f{{X, A)) and the core 
for A is the obvious one {W, ip) = {X, A). 
We define on Coreji{X) the following relation 

{Wi,ipi) ~ {W2,ip2) <^ Awi,^i = Aw2,^2- 

Then ~ is an equivalence relation and by the universal property of the quotient there 
exists a unique injective map /* from CorexiX)/ ~ into 5f induced by /. Since / is 
surjective, it follows that /* is bijective. 

In this paper we study the cores for two particular families of BTM's and we determine 
explicitly the set Coreoi{X)/ ~ for these families of boolean maps. The two families of 
BTM's that we will examine are defined on a particular class of posets, which are the 
involution posets. 

Definition 2.8. An involution poset (IP) is a poset {X, <) with a unary mapping c : 
X X such that: 

II) c{c{x)) = x, for all x € X; 

72) ifx,y€X and ifx<y, then c{y) < c{x). 

Ii X € X, we will write c{x) = a;°. 

In this paper we consider involution posets {X, <, c) having the following further prop- 
erty : 

73) x^^x for 8l\x€X (if |X| > 2). 
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Definition 2.9. We call strongly involution poset (SIP) an involution poset 
{X, <,c) which satisfies 13). 

Let us observe that if X is an involution poset, by II) follows that c is bijective and by 
II) and 12) it holds that if x,y £ X are such that x <y, then y'^ < x'^ . 

If [X, <, c) is an involution poset and ii Z (Z X, we will set Z'^ = {z'^ : z G Z}. 

Definition 2.10. If X is a SIP, will say that a boolean partial map A on X is : 

i) complemented positive if A~^{NY C A^^{P); 

ii) complemented negative if A~^{P)'^ C A~^{N). 

Definition 2.11. If X is a SIP, a BPM A on X is called positively weighted boolean partial 
map (briefly + WBPM) if it is up-positive, down-negative and complemented-positive; in 
particular, if A is also total on X , it is called positively weighted boolean total map (briefly 
-hWBTM). 

Similar definitions holds when complemented-positive is replaced with complemented- 
negative, -l-WBPM with -WBPM and -l-WBTM with -WBPM. A WBPM is a +WBPM 
or a -WBPM, a WBTM is a -HWBTM or a -WBTM. 

If X is a SIP, we denote by Yi+iX, 2) the family of all the +WBTM's on X and by 
W_(X,2) that of all the -WBTM's on X. Then W+(X,2) and W_(X,2) are the two 
families that we will study in this paper. Obviously, if X is a SIP, by virtue of Proposition 
[231 it follows that W+(X, 2) [W_(X, 2)] is the sub- family of all the maps in Oy{X,2) 
which are also complemented positive [negative]. 

By Proposition [23] it follows that if A is a BTM on X, then A is a +WBTM [- 
WBTM] if and only if A is up-positive and complemented positive [negative] . The following 
proposition shows that each boolean lattice is also a SIP and that a boolean lattices 
morphism is a -l-WBTM and a -WBTM. 

Proposition 2.12. Let (X, A, V, 0, 1,' ) be a boolean lattice, then X is a SIP. Moreover, 
if A : X ^ 2 is a boolean lattices morphism, then A is a + WBTM and a - WBTM. 

Proof. Let c : X — i- X be such that c{x) — x' where x' is the complement of x in X, i.e. 
the unique element of X such that x Ax' = and x\l x = 1. By the well-known properties 
of the function x ^ x' , it follows that c satisfies the properties 71) /2) /3). 
By definition of morphism of boolean lattices, A is such that 

A(a Vb)= A{a) V A{a A 6) = A(a) A A{b), 

A{0) = 0, A(l) = l, A{a') = {A{a))'. 

It is well-known by the general theory that A is order-preserving (hence also up-positive 
and down- negative). Finally, if s G X is such that A{x) = N, then A{x'^) = A{x') = 
A{xY — N' = P because in 2 the complement of N is P. Hence A is complemented 
positive. Similarly we see that A is also complemented negative. □ 

Proposition 2.13. Let X be a SIP and A a + WBPM on X, then : 

i) if w is a minimal positive of A such that A{w'^) — N, it follows that w° is a maximal 
negative of A; 

ii) if X, x'^ £ dom{A) and x'^ < x, then A{x) — P. 
If A is a -WBPM on X, then : 

i') ifw is a maximal negative of A such that A{w'^) — P, it follows that w'^ is a minimal 
positive of A; 

ii') if X, x'^ £ dom(A) and x'^ < x, then A{x'') — N. 

Proof, i) Suppose by contradiction that w'^ isn't a maximal negative of A. Then there 
exists an element w' £ A^^{N) such that w' > w'^. Since A is complemented positive, we 
have that A"^(Af)'' C A~^{P) and hence {w')" £ yl"^(P). Furthermore, since w' > ui", 
we also have that w = {w'^)'^ > (ui')'^ and this is a contradiction by the minimality of w in 
A-\P). 
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ii) Suppose by contradiction that ^4(2;) — N. Since A is complemented positive, we 
have that x'^ £ dom{A) and A{x'^) = P. Since x'^ < x and A is up-positive, we have that 
A{x) = P and this is a contradiction. 

The proof of i') and ii') is similar. □ 

By Proposition 12. 13l -ii) and Proposition l2.13U i'). 
Definition 2.14. The elements w £ X such that w'^ O w are called complemented. 

3. The M-cores when M = W+{X, 2) or M = W-{X, 2) 

In this section we assume that X is a finite strongly involution poset and we determine 
the W+ {X, 2)- fundamental core of an arbitrary -l-WBTM of W+(X, 2) and the W_ (X, 2)- 
fundamental core of an arbitrary -WBTM of W_(X, 2). 

Proposition 3.1. i) Let A G W-|_(X, 2) and W a core for A, then 

ii) Let A e W_(X, 2) and W a core for A, then 

Xp Ct Wp. 

Proof, i) Let w G X^ be fixed. In order to prove that w Gj, we need to exhibit an 
element w G such that w > w. \i w £ W, then w G X^ r\W = W^, and in this case 
the assertion follows taking w = w. 

Suppose that w ^ W and that, by contradiction, w 0^ Wjv- This implies that the set 
U = {?i G X^ : u ^ W,u W^} = X^\ I is not empty, since w e J. Let z be a 
maximal element of CF. We define a function A' : X 2 such that 

A'{u) = I " ^ ^ 

F it u = z 

We prove that A' is a +WBTM. 

Step 1 We prove that A' is up-positive, i.e. that Xp is an up-set in X. Let w\,W2 € X 
be such that Wi < W2, and suppose that A'{wi) — P. We want to prove that A'{w2) — P. 

11) Suppose that wi ^ z and W2 7^ z. Then, since A'{wi) = P and wi 7^ z, by the 
definition of A', it follows that A{wi) = P. Since ^ is a -l-WBTM and wi < W2 
it follows that A(w2) = P and since W2 ^ z, always by the definition of A' , it 
follows that A'{w2) = A{w2) ^ P. 

12) Suppose that wi < W2 — z. In this case we have that A'{'W2) = A'{z) = P by 
definition of A' , and hence the assertion follows. 

is) Suppose that wi — z < W2. Suppose, by contradiction, that A'{w2) = A'^. Since 
11)2 7^ z, by definition of A' we will have that A'{w2) = A{w2) = A'^. Observe that 
W2 0i W^jv- Indeed, if U12 G4. W^, then there exists an element w G M^]^ such 
that W2 <w and hence we will have that z < W2 < w, from which it follows that 
z g4- W^jvi against the hypothesis that z £ 3^. Hence we have that A{w2) = N and 
W2 Wjv ^2 G J, but this is in contradiction with the maximality of z in 3^. 
Hence A' is up-positive. 

Step 2 We prove that A' is complemented positive, i.e. that {X'^ )'^ C Xp . Let w £ X he 

fixed and such that A'{w) = Af. We prove that A^w") = P. 

ji) Suppose that w ^ z and w 7^ z'^. In this case, since w 7^ z, by definition of A' , it 
follows that A{'w) — A'{w) — N. Since A is complemented positive, we have that 
A{'w'^) = P. On the other hand, since w ^ z'^, we have that vj^ ^ z and hence, by 
definition of A! , we have that AHw") = A{w'') = P. 



J2) Suppose that w = z and hence that w'^ = z'^ . In this case, since A! (w) — A!(z) = P, 
the hypothesis A'(u)) = A'^ is empty and hence there is nothing to prove. 
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js) Suppose w ^ z and w = z'^. In this case we have that z'^ — w ^ z and hence, by 
definition of A' , it follows that A'{z'^) = A(z''). Since z G 3^, we have that A{z) = 
A'^ and hence, since A is complemented positive, we will have that A{z'^) = P and 
that A'{w) = A'iz") = Aiz") = P. This means that the hypothesis A'{w) = iV is 
empty, if w 7^ z and w — z'^. This prove that A' is complemented positive. 
Hence A' is a +WBTM on X which coincides with A on X everywhere except on z where 
we have A'{z) — P and A{z) = N. Since z ^ W (because 2 G J) it holds that A'^^ = A^w 
but A ^ A' on X. This contradicts the hypothesis that W is a core for A. 

ii) Similar arguments apply. □ 

Corollary 3.2. i) If A e W+(X, 2) and W is a core for A, then 

xi =i W^. 
ii) If A £ W_(X, 2) and W is a core for A, then 

X^ =t Wp. 

Proof, i) Let w Gj, W^. By definition of down-set, there exists an element w G such 
that w < w. Since w G = A^^{N) n W, we have that A{w) = A^, and since A is 
down-negative, it follows that A(^) — N, i.e. w G X^. Therefore iW^ '^X^. Then the 
assertion follows by Proposition 13. H i) . 

ii) This follows by the same reasoning of i) and using then Proposition 13. U ii) . □ 

Corollary 3.3. i) If A e W+(X, 2) and W is a core for A, then Max{X^) C W^- 
ii) If A G W_(X,2) and W is a core for A, then Min{X^) C Wp. 

Proof, i) Let w G Max{X'^), by Proposition 13. H z) it follows that w G^ W^. This implies 
that there exists an element w G W^ such that w > w. By the maximality of w in X^, it 
holds that u; = uJ G W^. 



ii) Analogously using Proposition 13. H -n) . □ 

□roUary 3.4. i) Let 

anti-chain on X, then 



Corollary 3.4. i) Let A G W+(X, 2). Let W be a core for A on X such that W^ is an 



Max(X^) = W^. 

ii) Let A G 'W_(X, 2). Let W be a core for A on X such that Wp is an anti-chain on 
X, then 

Min{Xp) = Wp. 

Proof, i) By Corollary 13.31 -i'). we need to prove the inclusion Max{X^) D Wjv- Suppose 
that w G Wjv that (by contradiction) w Max{X'§i). Then there exists an element 
w G X^ such that mJ > w. By Corollary I3.21 i'). we have that w Gi W^. Then there 
exists an element w G W§ such that w >w, and hence we have that w >w > w, with 
w, w £ W^, and this contradicts the hypothesis that W^ is an anti-chain on X. 

ii) Similar analysis using CoroUarv 13.31 -n) and CoroUarv 13.21 -n). □ 

Proposition 3.5. i) Let A G W+(X, 2) and W a core for A. Then 

X^ C (t W^) U (t (W^)^). 
ii) Let A G W_(X, 2) and W a core for A. Then 

C {iW^)U{i {W0)'). 

Proof i) First of all let w G W n then w G Wp Cf Wp. Then assume that w ^ W. 
Suppose by contradiction that w Wp and w {{W^)"). Set 

:?^{uex^ ■.u^w,u^tw^,u^t {{w^)l} = \ (t w^u t (w^)')). 

It follows that w G and that U is not empty. 

Let 2 be a minimal element of 3^. Define A' : X — > 2 setting: 



A'iu) 



A(u) if u ^ z 
N \i u = z. 



EXTENSION RESULTS FOR BOOLEAN MAPS 



11 



Step 1 We need to prove that A' is a +WBTM on X. This will conduce to a contradiction 
because A\w ~ A'\w (note that z ^ W) and A'{z) = N P = A{z) and because 
by hypothesis W is a core for A. We start proving that A' is complemented positive. 
Suppose that v £ X and that A'{v) = N. We need to prove that A'{v'') = P. 

1) Suppose that v ^ z and v 7^ z'^ . In this case, we have that A'' = A! {v) = A(v). 
Since A is complemented positive, we have that A(v'^) — P, and hence, since 
v" ^ z, by definition of A' we have that A^v") = A{v'') = P. 

Before analyzing the remaining cases, we prove that A'{z'') — P. Indeed, by contra- 
diction, suppose that A' [z'^) = N; since z'^ ^ z we will have that A[z'^) = A' {z'^) = 
N, and hence z" € X^. By Corollary [3]2}i), it follows that z" Gj, W^- Hence there 
exists an element z G such that z*^ < 1, and hence: 'z'^ < {z'^Y — z, with 
z" e (W^)". Therefore z ef (W^)", against the hypothesis that z £ J. 

2) Suppose that v = z.In this case A^v") = ^'(2'') = P. 

3) Suppose that v = z'^. In this case the hypothesis A'{v) = N is empty because we 
have proved that A^z") = P. 

Hence A' is complemented positive. 

Step 2 We prove now that A' is up-positive. Let w\,W2 € X be such that wi < W2 and 
suppose that A'{wi) — P. We need to prove that A^w^) = P. 

1) Suppose that wi ^ z and W2 7^ z. In this case A{'wi) = A'(toi) — P, and since 
wi < W2 and A is up-positive, we will have that A{'W2) ~ P- Since W2 7^ z, it 
follows that A'{'W2) = A{w2) = P- 

2) Suppose that wi — z < W2. In this case we will have that A'{z) = N, and hence 
the hypothesis A^wi) = P is empty. 

3) Suppose that wi < W2 ~ z. In this case we have that A'{w2) = A'{z) = A^. 
We will show that the hypothesis A^wi) = P leads to a contradiction. Suppose 
that A'{wi) = P. Since w\ 7^ 2, we will have that ^(wi) = ^'(wi) = P, i.e. 
that wi £ Xp. On the other hand, wi 0t WpU t (W^)". Indeed if wi et 

since t VP'p and t (W^jv)'^ are up-sets, from wi < 2 it holds that 
2 Gt WpU t (W^jv)''> in contradiction with z G J. Therefore toi € J and wi < 2 
and this is in contradiction with the minimality of 2 G J. 
Hence A' is up-positive. 

In the same manner we can prove ii), using Corollary 13. 21 -ii'). □ 

Corollary 3.6. i) Let A G W+(X, 2) and W a core for A. Then 

Xp = (t w^p) u (t (w^T). 

ii) Let A G W_(X, 2) and W a core for A. Then 

X^^iiW^)^^ {W^Y). 

Proof, i) Let w Gt Wp U t (WmT- Then there exists an element w G Wp U {WmY such 
that w <w. Since j4(i(;) = P and ^4 is up-positive, we have that Aiw) = P, i.e. w G Xp. 
This implies that t Wp U t (W]^)'' C Xp. The assertion follows by Proposition [33}i). 
ii) Similarly using Proposition I3.51 nl □ 

Theorem 3.T. i) Let A G 'W+(X, 2) anrf W a core for A, then 

x^i^w^vj^iiw^myj" iwt 

a) Let A G W_(X, 2) and W a core for A, then 

x = [(iw^)vj{i {w^mu^^w^. 

Proof, i) Since X = Xp U'' Xj^, the assertion is a direct consequence of Corollaries I3.21 i') 
and l3.61 i'). 

ii) Similarly using the Corollaries I3.21 n') and l3.61 n). □ 
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Proposition 3.8. i) Let A G W-|_(X, 2) and W a core for A, then 

Min{X^) C Wp U {WnY- 
ii) Let A e ^N-{X, 2) and W a core for A, then 

Max{Xi) C Wj^ U {Wpf. 

Proof, i) Suppose that w G Min{Xp). By Corollary [3]6}i), it follows that w Gf Wp or 
w Gt {W^y. If w Gt Wp, then there exists w G Wp such that w < lu. By the minimality 
of w in Xp, we will have that w = W G M^p . If w Gt {W^Y, then there exists w G (W;^)'' 
such that w < w. By the minimality of w in Xp, it follows also that w = w a {W^Y- 
Hence Min{X^) C W# U (W^j^)". 

ii) Likewise using Corollary 13. 61 -n). □ 

Proposition 3.9. i) Let A G W+(X, 2) and W a core for A , then 

Min{X^) = Min{Wp U {WmY)- 

ii) Let A G W_(X, 2) and W a core for A , then 

Max{X^) = Max{WM U (Wp)"). 

Proo/. i) We start proving the inclusion Min{Xp) C Min{Wp U (W]^)''). Suppose that 
z G Min{Xp). By Proposition [3Jl-j), it follows that z G Wp U {W^Y- Suppose by 
contradiction that z ^ Min{Wp U {W^Y)^ then there exists z G Wp U (W^^)" such that 
'z < z. Since A(z) = P, this contradicts the minimality of z in Xp. Hence Min{Xp) C 

Min{W^lJ{W^Y)- 

Now we prove the other inclusion Min{Xp) I) Min{Wp U (Wj!^)''). Suppose that w G 
Min{Wp U (Wj^)''). Obviously w G Xp. If, by contradiction, w ^ Min{Xp), then there 
exists an element w G Xp such that w < w. By Corollary I3.6H 1 it follows that either 

w&tw^ oTwetiw^Y- 

1) if w Gt VFp , there exists an element w G Wp such that w < w, therefore 
vj <w < w, and this contradicts that w G Min(Wp U (Wj^)'^). 

2) if 1(7 Gt (W]i^)'^, then there exists an element w G (W^Y such that w <w, hence 
w <w < w, and this is a contradiction to w G Min{Wp U (Wjv)'^). 

ii) Analogously using Proposition 13.81 -ii) and Corollary 13.61 -ii). □ 

Proposition 3.10. Let A be a +WBTM or a - WBTM on X. Then, setting 

N{A) = Min{Xp) U Max{XN), 
it follows that N{A) is a core for A on X. 

Proof Let Min{A''^{P)) = {wi,W2,-- - ,'Wk} and Max{A'^{N)) = 

{vi, ■ ■ ■ ,Vq}, hence N{A) = {wi, ■ ■ ■ Wk,vi, ■ ■ ■ ,Vq}. We start observing that A~^{P) and 
A~^{N) are two anti-chains in X, because they are, respectively, the minimal elements of 
A~^{P) and the maximal elements of A~'^{N). Let A' be an other +WBTM on X such 
that AjjY{A) ~ ^|iV{A) i-e. such that A'{wi) — ■ ■ ■ = A'{wk) = P and A'{vi) — ■ ■ ■ = 
^'(^<j) = Suppose, by contradiction, that A' ^ A. Then there exists an element w £ X 
such that A{w) ^ A(w'\ Then we have two possibilities: 

i) A(w) = P and A!(w) = X. In this case, w G A~^[P) and hence, since A^^(P) = 
UiL]^(t Wi), there exists i G {1, • • • , A;} such that lii G (t f i), i.e. such that < w. 
Since yl'(uii) = P, we will have that Wi G (A')~^(P) and since A! is up-positive 
and w;i < w, it follows that ui G (A')~^(P) i.e. A'(w) = P, and this is a contra- 
diction. 

ii) yl(w) = iV and A!(w) = P. In this case, lu G A^^(N), and hence, by yl~^(7V) = 
Uj=i(t '^i)) there exists j G {1, • • • , g} such that w G (i Uj), i.e. such that w < Vj. 
Since G {A')-'^{N) and since A' is down-negative, it follows that w G {A') ^ (TV) 
or equivalently A'(w) — N which is a contradiction. 
Therefore A = A' , and hence N{A) is a core for A. □ 
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The next result shows that each +WBTM and each -WBTM have a unique minimal 
core and it also describes such a core. 

Theorem 3.11. i) Let A G ^N+{X,2). Then, setting 

Core^+{A) = N{A) \ [Max{A-\NW, 

it results that Corew+{A) is the ^^{X, 2) -fundamental core for A. 
ii) Let A e W_(X, 2). Then, setting 

Core^.{A) = N{A) \ [Min{A''\P))Y , 

it results that Core^-iA) is the W_(X, 2) -fundamental core for A. 

Proof, i) Let Min{A~^{P)) = {wi,--- ,Wk} and Max{A~^{N)) = {^^i,-- - ,-Uq}; then 
• • ■ ,Vq} C A~'^{P). If {«f , ■ • ■ ,Vq}n{wi, ■■■ , ttJfc} = then Corew+{A) coincide with 

N{A) and hence the assertion follows by Proposition 13. lOl 

If {«!, • • • , Vg} n {wi, ■ ■ ■ , Wk} 7^ we assume, without loss of generality, that 

{vl, • • • , Vq} n {wi, ■ ■ ■ , Wk} — {wi, ■ • • , Wp}, for some p such that 1 < p < min(fc, q). 

Re-ordering the indexes, we can assume that wi = Vi, - ■ ■ ,Wp = v^. Then we have that: 

Coren,+ (A) = {Wp+l, ■ • ■ , Wk,Vl,- ■ ■ ,Vp, Vp+l, ■ • ■ , Vq}. 

Observe that Corem+{A) n A^^{P) — {lUp+i, • ■ • ,Wk} is an anti-chain in X, because it 
is a subset of the anti-chain Min{A~^ (P)); Corem+{A) nA~^{N) = {vi,--- ,Vq} is an 
anti-chain in X because it coincides with the anti-chain Max{A~^{N)). Let A' be an 
other +WBTM on X and suppose that A'{wp+i) = ■ • ■ = A'{wk) = P, and A'{vi) = • ■ • = 
^'(^9) ~ ^- We need to prove that yl' = yl on all X. Suppose by contradiction that A ^ A' 
on X, then there exists an element w £ X such that A{w) 7^ A'{w). First suppose that 
A'{w) = P and A{w) = iV. In this case, w £ A~'^(N) and hence by A~'^{N) = U|^i(4, Vj) 
there exists j G {1, ■ ■ ■ q} such that w Gi Vj i.e. such that w < Vj. Since Vj G {A')~^ [N) 
and since A' is down-negative, hy w < Vj it follows that w G [A')'^{N) i.e. A' [w) = A^, 
which is a contradiction. 

Finally suppose that A'{w) = A'' and A{w) — P. In this case, since w G A~^[P) and since 
A~^{P) — ujLi(t Wi) there exists i G {1, ■ • ■ , fc} such that it; Gt uoi, i.e. such that Wi < w. 
We distinguish two cases: 

ji) if i G {p 1, • ■ • , A:}, then Wi G (yl')~^(P) and since A' is up-positive, by Wi < w 
it follows that w G {A')~^{P) i.e. ^'(lu) = P, and this is a contradiction. 

J2) if i G {1, ■ ■ • ,p}, then we will have Wi — vf. Since Wi < w, we will have that 
w'^ < Wi — (Vi)'' — Vi; since Vi G (A')~^(A^) and A' is down-negative, it follows 
that w'^ G (A')~^(A^). Therefore since A' is complemented positive, w = (w'^)'^ G 
{A')-^{P), i.e. = P, which is a contradiction. 

This shows that Corew+{A) is a core for A on X. 

Let now W be a core for A on X. At first we observe that 

Core^+{A) = [Min{X^) \ (MaxiX^))"] U"^ Max{X^). 
Moreover, by Proposition 13.81 -i) we have that 

(11) Min{X^) <ZWpyj {WnY, 
and by Corollary 13. 31 -i) we have that 

(12) Max{X^) C W^. 

Therefore, to show that Core^j^i^A) C W , by (1121) it is sufficient to prove that 

H = Min(Xp) \ {Max{X^y) C Wp. 

Since H C Min{Xp), by ^ it is sufficient to prove that H n {W;^)'' = 0. Suppose on the 
contrary that there exists w G H such that w G (W^y. In this case there exists w G Wjv 
such that w'^ = lu. It follows that w is a minimal positive of A {w £ H) such that w'^ = w 
is negative for A, hence by Proposition 12. 131 -i') it follows that w G Max{X^) and therefore 
w = w'^ £ Max{X'^Y , which is a contradiction since w £ H. 
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ii) Similarly using Proposition 13. lOl Proposition \'6.S[ ii) . Corollary 13. 31 -iil and Proposi- 
tion [S^Sjii) □ 

4. Essential properties of a W±(X, 2)-fundamental core 

In this section we determine the properties characterizing the fundamental core of a 
WBTM. This will lead us to define the concepts of 111+ — basis and W- — basis for X. At the 
end of the section we will show that each basis identifies uniquely the fundamental 
core of a -l-WBTM on X and each basis identifies uniquely the fundamental core of 
a -WBTM on X. In aU this section, X will denote a finite SIP. 

Definition 4.1. i) A basis for X is an ordered couple {Y+\Y-), where Y+ and Y- 
are two disjoint anti-chains of X such that: 

B1+) a y+) n (y,!) = 0; 

B2+) (ty+Ut(l'-)")niy- =0; 

B3+) X = (t Y+u t (y-)")u ; Y-. 

ii) A w^ — basis for X is an ordered couple (y+|y_), where Y+ and Y- are two disjoint 
anti-chains of X such that: 

B1-) (ty-)n(y^) = 0; 

B2-) ay_ui(y+r)nty+ = 0; 

B3-) x = ay_u;(y+r)uti+. 

Two w+-bases [w_-bases] (y+jy_) and (y_|_|y_!_) are considered equal if Y+ — Y[_ and 

y_ = Y'_. 

Proposition 4.2. i) If A W+(X,2) and if W = Core^+{A), then {Wp\Wm) is a 
w+ — basis for X . 

11) If A€W-(X,2) and ifW = Core^-{A), then {Wp\Wm) is a W-~basis for X . 

Proof i) By definition of Core™+(A), we have that Wp = Min{X^) \ (Max^X^))" and 
Wn = Max(X^). By Theorem \SJU i) we know that VK is a core for A, therefore, by 
TheoremEZJi), we have X = (t WpU t {W^y)U'^ i W^. 

Moreover, since the elements of Wp are a part of the minimal positives of A and the 
elements of are all the maximal negatives of ^, it follows that Wp and are 
two disjoint anti-chains of X. It will remain to prove that ^ Wp fl (W^Y — 0. Since 
Wp = Min{Xp) \ {W^y, then Wp f] (W^)" = 0. Let us suppose now by contradiction 
that there exists an element z Gj, Wp n (Wj^y. This implies the existence of an element 
X G Wp such that z < x. Since Wp n (W^)" = 0, we have that z < x {if z = x, then 
X £ Wp n (W^y = 0). Since a; is a minimal positive of A and A(z) = P (because 
z G (W^y), this is a contradiction. 

ii) Similar arguments apply using Theorem 13. 1 ll n) and Theorem 13. Ti n). 

□ 

The following proposition will be essential in |13) : 
Proposition 4.3. i) Let {W+\W-) be a w+~basis for X. If we set W = W+ U'^ W- and 

p if X et {w+)u t (Wl) 

N if x€iW- 

then A is a -f-WBTM on X and W = Core^+{A). 

11) Let {W+\W-) be a W-- basis for X. If we set W ^W+U"^ W- and 

P if X(£tiW+) 
N if x€iW-Ui{Wl) 

then A is a - WBTM on X and W = Core,„_(A). 



A{x) = 



A{x) 
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Proof, i) Let us observe that A is well defined because (t (W+)U t {Wl))r\ \. W- = 0; 
moreover W+ — Wp, W- — W§ by definition of A. Now we prove that A is up-positive 
and complemented positive. Indeed, since A~^{P) =t W+VJ t Wl is a union of two up- 
sets, it is also an up-set. Furthermore, since [A~^[N)Y = (| W-Y =t {Wl) C A~^[P), 
it follows that A is complemented positive. Hence A is a -l-WBTM. Suppose now that B 
is another -l-WBTM on X such that i3|vK ~ A\w- We need to prove that B = A on all X. 
Suppose on the contrary that there exists w £ X such that _B(w) 7^ 

1) Suppose that w £t W+. In this case, = P, hence it holds B(w) = A'^. Since 
w W+, there exists w G W+ such that 10 < 10; by hypothesis B and A coincides 
on W and hence = A{w) = P. Since B is a -l-WBTM, it follows that B 
is up-positive and hence (since w < w) we have that B{w) — P and this is a 
contradiction. 

2) Suppose that w G4. In this case, A{w) — N, and hence B{w) — P. Since 
w Gi there exists w G such that w < w; hy hypothesis B{w) = = 
A'^. Since B is down-negative, with w < w, we have that B{w) — N. This is a 
contradiction. 

3) Suppose that w Gt (Wl). In this case, A{'w) = P, and hence B{'w) — N. Since 
w Gt (Wl), there exists w G Wl such that w < w. Since w G VVf , there exists 
w G W_ such that w = w'^, and hence B{w) = A(tU) = A'^. Since A and B are 
complemented positive, it follows that B{w'^) = A{nf) = P, i.e. B{w) = P. 
Now since w < w and B is up-positive, it follows that B{w) = P, and this is a 
contradiction. 

Hence ly is a core for A. By Theorem 13. IIH ) it follows then that Core^^A) C W . 
We prove now that 

(13) Wp C Min{Xp). 

Suppose that w G VFp and that by contradiction w Min{Xp). 

Then there exists w G Xp such that uJ < w. By Corollarv l3.6l i') we have that w Gt Wp 
or w Gt (W^Y- 

1) if I() Gt Wp, there exists w G Wp such that w < w and hence we will have that 
w <w < w, with ■w,w G Wp, against the hypothesis that Wp is an anti-chain. 

2) if w Gt (W^jv)'^) there exists w G (W]v)'^ such that w < w and hence w < w < w, 
with w G (H^j^)'' and w G Wp, against the and the hypothesis that {Wp\W^) is a 
w— basis for X. 

This proves (fH)) . 

Let us suppose now that Coreu,+ (y4) 7^ W. Since Core,i,+ (A) C ly, this implies that 
Coren,+ iA) g W, and hence that |Core„+(^)| < \W\. Let = Core„+(y4). 
Since W and W are both two cores for A, by Proposition 13.91 -il we know that 

Min(Wp U"^ (WnY) = Min{X^) = Min{Wp U {WnY)- 

Since (W#|Wi^) is a basis for X, we have that W^ is an anti-chain, moreover, by 
definition of Corew+{A), also W^ is an anti-chain; by CoroUarv 13.41 1). then it follows 
that W^ = Max{X^) = W'^, and hence {W^Y = (W'^^)"- Since = W# U'' W^ and 
= U'' I^j^, by the equality W^ = ly^;^ and by the inequality |#| < |W|, it follows 
that 

(14) \W0\ < \W0\. 
By H13|) we have that 

(15) W0 C Min{X^) = Min{W0 VJ"^ {W^Y) = Mm(H/^ U {W^Y)- 

Since n {W^Y = n (W^;^)'' = in view of the fact that {Wp\W^) is a it;+-basis 
for X, by it follows that Wp CWp, and hence |Wp | < |W"p |, that is in contradiction 
with (O. This proves that W = Coreiu+{A). 

ii) The same reasoning applies using Theorem 13. 1 H -u) . CoroUarv 13.61 -m) and Proposi- 
tion [T^ji). 
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□ 

We denote now with Sii,+ (X) the family of all w+— bases on X and with 
the family of all w_— bases on X. \i A £ ^N+{X,2), by Proposition 14.21 -i). it follows 
that {Wp\W^) e S,„+(X), where W = Core^+^A). This defines an apphcation /i+ : 
W+(X,2) -> S™+(X) such that h+{A) = {W^\W^), where W = Core^+{A). 

If yl £ 'W_(X, 2), by Proposition 14.21 -nl we can define a similar map h- : W-iX, 2) — > 
25„_(X). It holds then the following result. 

Theorem 4.4. The maps h+ and h- are bijective. 

Proof. The map h+ is onto by virtue of Proposition l4.3I tV We prove now that h+ is a 
one-to-one map. 

Let A and B be two +WBTM's on X such that {Wp\Wn) = (W0\Wn), where 
W = Core„+(A) and W = Core^+{B). This means that = W0 and W^^ = I¥j^. 
Then, iiw £W0, we have that _B(w) = P and also y4(w) — P\ similarly, if w € Wjv , we 
have that B[w) — N and A{w) = TV. Therefore A^^^ — . Since is a core for B, it 
follows that A — B. 

The case of h- is analogue. □ 



5. Applications to the (n, r)-SYSTEMS 
In this section we apply the previous general results to the case X = S{n, r). We set 

07{n, r) = 03'(S'(n, r), 2) n ^^(n, r), 



W+(n,r) = {A G W+(5'(n,r),2) nS'J(n,r) : yl(r ■ ■ ■ 21|12 ■ ■ ■ (n - r)) = P}, 



W_(n,r) = {A G W_(5(n,r),2) nST(n,r) : A(r ■ • ■ 21|12 • ■ • (n - r)) = A^}. 

The family 'W+(n, r) satisfies the hypotheses of p. I.e. and the family 'W-{n, r) satisfies 
the hypotheses of n.l.c, i.e: 

x{W+CTSyst{n,r)) C W+(n,r) and W+{n,r) n xiW-CTSystin,r)) = 0, 



xiW-CTSyst{n,r)) CW_(n,r) and W-{n,r) n xiW+CTSyst{n,r)) = H). 

We can then apply the local criteria to the previous two families of boolean total maps 
on S{n,r). If we apply the p. I.e. to a map A G W+(n, r), we take the 'W+{S{n,r),2)- 
fundamental core, that is obviously also a W+(n, r)-core. Similarly, if we apply the n.l.c. 
to a map A G 'W_(n, r), we take the W_ (S(n, r), 2)-fundamental core, that is also a 
W_ (n, r)-core. In these cases we say simply "the fundamental core" of A. 

In the sequel, for semplicity, we will write a partial map as the set of the strings of its 
domain followed by an N if they are negative or a P if they are positive. 

Example 5.1. Let us consider the case n = 5 and r = 3. We take the system S G 
W-TSyst(5,3) such that the relative boolean map A$ associated to it is the following 
(the green nodes are P and the red nodes are N): 
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321 12 



320 12 



310 12 



300112 



321|00 




210|00 



200|00 



100|00 



000|00 



000|12 



It results that As G 'W_(5,3). It is easy to verify that the fundamental core of is 
the partial map B = {321|02iV, lOOjOlTV, 000|00P, 200|01P}. The (5, 3)-system Ss is then 
the following: 



a;3 > X2 > Ti > > a;4 > a;5 

Xi + X2 + Xs + X5 < 

a;i + a;4 < 

X2 + X4 > 



A solution of this system is easily given by: 



X3 = -,X2 = -,Xl = -,X4 = 



Then, by n.l.c. it follows that S G W-CTSyst{5,3), i.e. it is compatible and has the same 
solutions of Ss. 



Example 5.2. Let us consider again the case n = 5 and r = 3. We take the system 
S £ W+TSyst{5, 3) such that the relative boolean map associated to it is the following 
(as before, the green nodes are P and the red nodes are N): 
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321|00 




000|12 



It is easy to verify tliat the fundamental core of is the partial map 
B = {320|02A^, 321|12P, 000|00P, 000|01iV}. Therefore the system Ss is the following : 



2:3 > X2 > a;i > > a;4 > a;5 

Xl + X2 + X-s + X4 + X5 > 
X3 + X2 + X5 < 

A solution of this system is easily given by: 

X3 = 1,X2 = l,xi — 0.9, a;4 = —0.8, 0:5 = —2.1. 

By p. I.e. it follows then that S £ W+CTSyat{^,?,), i.e. S is compatible and equivalent 
to Ss. 

In the previous example, we showed two different (5, 3)-total systems both compatible. 
In the next example, we show a (6, 3)-total system S that is not compatible but such that 
As € 'W+(6,3). Hence the next example shows that the inclusion x{W+CTSyat{n,r)) C 
W+(n, r) is strict, i.e. there exist maps in W+(n, r) whose associated (n, r)-system has 
not solutions. 

Example 5.3. Let us consider the following map A £ 31(6, 3) (the green nodes are P 
and the red nodes are N): 
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19 



3211000 




000|123 



It is easy to observe that A £ W+(6,3) and that the fundamental core of A is the 
following partial map: 

B = {321|123P, 300|003iV, 210|003Af, 200|002iV, 100|001iV, 000|000P}. 
Hence Ss is the following (6, 3)-positively weighted system : 

X3 > X2 > xi > > yi > y2 > y3 
x-L + X2 + X3 + yi + y2 + ys > 

X3+y3 <0 
X2+y2 <0 

xi+yi <0 

a;2 + a;i + ya < 0. 

Obviously the previous system is not compatible, therefore also Sa is not compatible. 
Hence A G W+(6,3), but A ^ x{^+CTSyst{(i,?>)). 
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Let US note that, for the previous map A, there does not exist an / £ W+F{n, r) such 
that A — Af, therefore this example shows that the answer to the open problems raised 
in [S] is negative. 

The last example tell us that the family 'W+(n,r) does not capture all the properties 
of the systems in W+CTSyst{n,r), therefore we give now a more restrictive condition 
on a family of boolean maps to catch all the properties that characterize a system in 
W+CTSyst{n,r). 

If w is a string in S{n, r) in the form Q with ii y ■ ■ ■ y ip y 0^ , ip+i = . • • v = 0^ 
and ji = • • • = jq~i = 0^ , 0^ y jq y ■ ■ ■ y jn-r, for some indexes p and q, we set, see [8]: 

W* = {il,--- ,ip,jq, ■ ■ ■ ,jn-r}. 

For example, ii w ^ 4310|013 £ 5'(7,4), then w' = {1,3,4,1,3}. In particular, if w = 

0---0|0---Othen w* =0. 

It stays defined a bijective map 

* : 10 G S{n,r) ^ w* e 7{A{n,r) \ {0^}). 

Definition 5.4. If w £ S{n,r), a partition of w is a subset {wi, ■■■ ,Wk} of S{n,r) such 
that {wi,--- is a set-partition of w* . If {wi, ■ ■ ■ ,Wk} is a partition of w we write 

w : Wi I ■ ■ ■ Iwk- 

Example 5.5. If m = 7543100|0013 G 5(11,7), then w : 7000000|0000 ; 5430000|0001 ; 
1000000|0003. 

Definition 5.6. If A is a BPM on S{n,r), we say that A is complemented pointwise if 
for each w G dom{A) such that A{w) = T, where T = P orT = N, and for each partition 
w : wil- ■ - IWk, with {wi, ■ ■ ■ , «;fe} C dom{A), we have A{wi) = T for some i G {1, • ■ • ,k}. 

Definition 5.7. We say that a map A is -/-formally compatible [-formally compatible] on 
Sin,r) if: 

- A G 09{n,r); 

- A is complemented pointwise; 

- A(r • • • 21|12 ■ • ■ (n - r)) = P [A{r • ■ • 21jl2 ■ • ■ (n - r)) = N]. 

We denote by 9^6+ (n,r) [5'C_(n,r)] the family of all the maps +formally compatible 
[-formally compatible] on S{n,r). 

It is immediate to observe that ?C+(n, r) C W+(n, r) [3^C_(n, r) C W_(n,r)] and 
x{W+CTSyst{n,r)) C Je+(n,r) [x{W-CTSyst{n,r)) C je-(n,r)]. 

As already indicated in the introduction, we ask : 

open problems : 

Q2) x{W+CTSyst{n,r)) = je+(n,r)? 
Q3) x{W-CTSyst{n,r)) = je_(n,r)? 

The next example shows a map A G W_(n, r) whose W_ (n, r)-fundamental core is 
complemented pointwise and such that A is not -formally compatible: this proves that 
the open problem Q3) is false if the system and the boolean map are not total. We can 
provide an analogue example for the case A G W+(n,r), hence also the problem Q2) is 
false if the system and the boolean map are not total. 

Example 5.8. Let us consider the following map A G 31(6, 3) (the green nodes are P 
and the red nodes are N): 
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3211000 



321 001 



Q 320|000 



321 002 



S20|001 



310|000 



3211012 mT 321|003 Pi 320|002 



3211013 ■ 3201012 M 3201003. 



iio|og2 



310|001 O 300|000 jO 210|000 



l300|001 210|001 Yj 200|000 



321|023JP 320|013j(r 310|012 jpf 310|003j 



321|123 M 320|023 AT 310|013 •rf300|012 •^300|003 i 



320|123lH( 310|023 ((L 300|013lpr 210|013 



l300|002 jQ 210|002^Q 200|001 jftlOOlOOO 



210|012JTj 210|003jTr) 200|002 JA 100|001 



200|012^Q 200|003 /J100|002 (■fOOOIOOl 



3101123 (■ 300|023jH[ 210|023~^ 



300 123 • 210 123 ■ 200 023 



2M|0/3 



'100|012 jni00|003 J« 000|002 



100|013 W 000|012 m 000|003 



200 123 1 



ifl0|023 



000|013 



1001123 



000|023 



000|123 

It is easy to observe that A G W_(6, 3) and that the 'W_(6, 3)-fundamental core of A 
is the following partial map: 

B = {321|012iV, 000|001iV, lOOjOOSP, 000|000P}. 

Then _B is a BPM on 5(6,3) that is complemented pointwise, but A ^ 5'C_(6,3). In 
fact, if we take the string w = 3211123, we have w : 300|003 ( 100|002 ; 200|001, with 
A{w) = TV and y4(300|003) = yl(100l002) = A(200l001) = P. 

The system Ss determined from B is the following (6, 3)-weighted system : 



fX3 > X2 > xi > > yi > 1/2 > ya 
X3 + X2 + xi + yi + y2 + ys < 
xi +y3 >0 

The system Sb is not compatible, because if it were then by n.l.c. also Sa would be 
compatible and hence A £ x{^-CTSyst{i3,i)) C 3"C_(6, 3), which is a contradiction. 
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